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Purpose today

This presentation take current state-of-the-art uncertain estimates of
how carbon emission causes damages.

Embed these in a global growth model to analyze policy under
uncertainty about;

strength in relation temperature -> damages.
arrival time of alternative backstop technologies.

The e¤ect of carbon emission on climate is an almost perfect
externality. A standard problem in economics.

But � the e¤ects of global warming and of policy are;

i. uncertain, ii. long-run and dynamic, iii. have potentially large
general equilibrium e¤ects, and iv. may crucially depend on
technological change.

Show that reasonable simpli�cations make it possible to do simple,
yet reasonable back-of-the-envelope calculations of the size of optimal
carbon taxes under uncertainty.
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Previous work

State-of-the-art model of economy-climate interactions due to
William Nordhaus: the DICE and the RICE �models. Enormously
in�uential, e.g., in the IPCC.

Three parts;

1 A (linear) carbon circulation model CO2 with three sinks - atmosphere,
biosphere and deep oceans. Emission in atmosphere mixes slowly with
biosphere and oceans. Key features;

quick mixing with biosphere, slow with deep oceans.
deep ocean very large sink relative to atmosphere. Also large relative to
existing carbon reserves.

2 A climate model where atmospheric CO2 concentration drives global
mean temperature by determining the strength of the greenhouse
e¤ect. A doubling of CO2 concentration leads to 3 degrees heating
with quite simple dynamics.

3 An economic model of the world where the global mean temperature
causes damages to GDP and emissions come from economic activity.
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Nordhaus - our evaluation

Natural science part nice(?) and transparent. But;

The economic model is non-standard and very di¢ cult to understand.

Finite horizon,
markets not speci�ed,
no uncertainty,
odd solution technique...
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Plan of talk

1 Present a global DGE model where emission of greenhouse gases,
caused by burning of non-renewable carbon cause global damages to
output. Easy to allow uncertainty.

2 Present a simple example where the optimal tax policy has a closed
form solution also in the case when there is uncertainty about the
economic e¤ects of global warming. Calibrate using Nordhaus�s work.

3 Consider backstop technology and discuss other extensions.
4 Concluding thoughts.
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The base line model (yet no uncertainty and no backstop)

Planning problem (Dasgupta & Heal plus externality);

max
fCt ,Kt+1,Et ,Rt+1g∞

t=0

∞

∑
t=0

βtU (Ct )

Ct +Kt+1 = D (St ;γs ) F (At ,Kt ,Et ,A
e
t ) + (1� δ)Kt

Rt+1 = Rt � Et , R0 given,

Rt � 08t,
St = L(E t ).

where Kt is capital, Et is fossil fuel use, Rt is remaining fossil fuel in
ground, St is the stock of carbon in the atmosphere (in the form of
CO2), At ,Aet are technology trends in TFP and energy augmentation.
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Constraints and functions

F (At ,Kt ,Et ,Aet ) is standard production function, e.g., CES, and
fossil fuel is assumed to be essential (if CES, σ � 1).

Extraction costs can be allowed but set to zero in most of this
presentation.
Stock of carbon in atmosphere follows a very persistent process
(approximates fairly well coal circulation in Nordhaus)

St+1 = (1� ϕ) St + Et .

Probably more reasonable is to assume that a share remains in
atmosphere for ever. This is easy to include.
The stock of atmospheric carbon drives global mean temperature that
is assumed to cause damages that a¤ects output proportionally (like
in Nordhaus) Yt = D (St ;γS ) F (At ,Kt ,Et ,A

e
t ) .

γS parametrizes the damage function D, later to be speci�ed. I will
later allow uncertainty about it.
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Optimal taxes

An old and true lesson is that a tax that equals the cost of the
externality implements the optimal allocation.

Agents take into account (internalize) the externality.

Thus, we need to price the externality.

We want to �nd how much a marginal unit of CO2 emission
dynamically reduces welfare and express this in consumption units
(dollars).

Turn out that we a few fairly reasonable simpli�cations, we can do
this very easily.
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The marginal price of the externality

We can show that the price of the externality satis�es

Λs
t � �

∞

∑
s=1
(1� ϕ)s�1 βj

U 0 (Ct+s )
U 0 (Ct )

�
D 0 (St+s )
D (St+s )

Yt+s

�
.

where,

(1� ϕ)s�1 is how much remains at t + s of a unit emitted at t,

βj
U 0(Ct+s )
U 0(Ct )

is the relative value of goods at t + s and at t (the

endogenous discount rate), and
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The simpli�cations.

Cobb-Douglas production, F (Kt ,Et ,At ) = AtK α
t E

γ
t , log utility, full

depreciation and no extraction costs.

Let�s also allow uncertainty about the e¤ects of carbon emission,
uncertain γS .

The above assumptions imply that individuals optimally choose a
constant consumption rate Ct = (1� αβ)Yt and that marginal utility
is C�1t .

More future output implies larger damages (given climate) but lower
marginal utility.

First e¤ect implies higher externality cost second lower.

Here, these exactly cancel.
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Simpli�cations

Recall that dynamic expected marginal climate damages are given by

Λs
t = IEt

∞

∑
s=1

βs (1� ϕ)s�1
U 0 (Ct+s )
U 0 (Ct )

D 0 (St+1;γS )Yt+s
D (St+1;γS )

The simpli�cations imply that this simpli�es to

Λs
t = Yt IEt

∞

∑
s=1

βs (1� ϕ)s�1
D 0 (St+1;γS )
D (St+1;γS )

Note that future output (driven by productivity, population or what
ever) is not part of Λs

t . Damages and thus optimal taxes are driven by
future stocks of carbon in atmosphere and proportional to current
output. Makes analysis very simple.
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Simpli�cations cont�d.

Let�s assume S
�
St ;γS ,t

�
= e�γS ,tSt allowing stochastic variation in

γS .t . Not terribly di¤erent from state-of-the-art damage function
(Nordhaus, DICE 2007, in blue).
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Simpli�cations, cont�d.

Exponential assumption simpli�es (my) life a lot since
D 0(St ,γS ,t)
D(St ,γS ,t)

= �γS ,t .Thus, the marginal climate externality cost is

Λs
t = YtΓ

e
t , where Γet � IEt

∞

∑
j=1
(1� ϕ)j�1 βjγS ,t+j

Key features;

1 The tax per unit of fossil fuel should be exactly indexed to output!
2 A kind of certainty equivalence � its the expected (weighted) value of
the future γ0s that matters despite CRRA preferences.

3 Optimal taxes independent of trends in productivities and population.
4 Optimal current output and tax simultaneously determined �but
output is not very sensitive to tax. Makes calibration simple.

It also implies that optimal law-of-motion for Et is completely
determined by Γet . The rest of the system very easy to solve.
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Stochastic damages - a calibration example

Consider the case when γS ,t follows a simple stochastic process. γS
starts at an initial value and at some possibly random time, it changes
to γS 2

�
γL,γH

	
. Conditional on a change, γs = γH happens with

probability p. Can be interpreted as learning.

Until we learn, γS ,t = (1� p) γL + pγH � γ̄S for simplicity (but not
necessity).

Optimal tax is now very easy to �nd.

Before learning;

Λs
t = Yt

β
1�β(1�ϕ)

γ̄S .

After it is Yt
β

1�β(1�ϕ)
γH or Yt

β
1�β(1�ϕ)

γL.
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Calibration

We use a climate sensitivity of 3.0.

By bottom-up approach, Nordhaus �nds that 2.5 degrees heating
(requiring St = 1035) leads to damages of 1%.

He adds a possibility of a very large climate sensitivity (a 30% loss at
6 degrees heating) and sets the probability of this high sensitivity to
6%.

We use this to calibrate two damage function parameters γL and γH

and set p = 0.07.

The CO2 mixing parameter ϕ is set to match the long-run half-life of
emissions in Nordhaus�s carbon circulation model of 117 years. Later
today, I allow some carbon to stay forever.

Set global yearly output Y to 70*1012 US dollar.
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emissions in Nordhaus�s carbon circulation model of 117 years. Later
today, I allow some carbon to stay forever.

Set global yearly output Y to 70*1012 US dollar.
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Results

Optimal current tax per ton carbon (at current output) vs. rate of pure
time preference
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Discussion

Relatively high tax for low discount rates (relative to coal, but not oil
price).

Optimal tax not very a¤ected by low probability catastrophic event
(with log utility).

Investment in alternative technologies may be more sensitive to such
an event (insurance value).

Taxes should now be introduced abruptly. Due to Cobb-Douglas
assumption, which is clearly unrealistic in very short run. However,
due to targeted technical change perhaps not a bad assumption in
medium run.
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Some carbon stays for ever

Now assume a share ϕ0 of emitted carbon remains in atmosphere for
ever.

Immediate to show that the price of the externality, the tax, then
should be

Yt
�
(1�ϕ0)β
1�β(1�ϕ)

+
ϕ0γβ
1�β

�
This makes a lot of di¤erence if β is close to one. Logical!
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Results

Optimal current tax per ton carbon. (red ϕ0 = 0.3,blue ϕ0 = 0)
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A comparison with Stern and Nordhaus

Stern proposes a current carbon tax of approximately 250 $/ton while
Nordhaus proposes around 30 $/ton.

Key di¤erence is pure rate of time preference, 0.1 vs 1.5% per year.

My B.O.E. calculations yields, tax = 255 vs. 98 $/ton in the two
cases.

With 30% carbon remaining forever, the �gures are 909 vs 114 $/ton.

But, neither of them have well developed GE model. Hard to interpret
their results.
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Backstop

A backstop technology might become available in the future making
fossil fuel obsolete.

First note that optimal tax policy is independent of when backstop
arrives (under the assumed damage function), optimal tax = dynamic
externality = YtΓet .
If there is su¢ cient amounts of fossil fuel, some should perhaps be
left in ground after backstop is invented.

If we can be sure this happens, marginal social value εt �Λt should
be set to zero every period, implying

γ
Yt
Et
= YtΓet ) Et =

γ

Γet

In the decentralized allocation, optimal taxes will then drive prices
equal to extraction costs �no rents.
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Backstop - calibration

Again using Nordhaus calibration (with uncertainty), γ
Γet
= 8.7

GtC/year, constantly.

Assume, for example, backstop makes fossil fuel for sure obsolete in
100 years. Optimal total use of 870 GtC is much less than what we
know exists.

Optimal tax policy does not depend on backstop �but welfare loss of
not implementing it depends crucially on when backstop arrives since
in LF all fossil fuel will be extracted.
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Comparison between optimal policy and Laissez-faire
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Discussion

Social value close to zero at current use � should be kept there.

When backstop technology arrives is uncertain. But;

Optimal use and optimal policy is not sensitive to when back-stop
arrives provided,

we are sure it arrives before we run out of fossil fuel.
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Conclusion

A simple macromodel can be used to guide policy analysis and
provide transparent results.

Easy to derive optimal policy given current estimates of damages.

Back-of-the-envelope calculations of optimal policy seems fairly
robust, BUT

we need much more understanding about damages, adaptation and
technical change as well as regarding coal cycle persistence.
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